Given f ∈ Z[x] and n ∈ Z + , the discriminator D f (n) is the smallest positive integer m such that f (1), . . . , f (n) are distinct mod m. In a recent paper, Z.
1 Introduction Definition 1. [4, 5] Let f (x) ∈ Z[x] and n ∈ Z + . The discriminator of f is D f (n) := min{m ∈ Z + : f (1), f (2), . . . , f (n) are distinct modulo m}. If no such m exists, we set D f (n) = ∞.
The discriminator was first defined for f (x) = x 2 as the smallest positive integer m such that 1 2 , 2 2 , . . . , n 2 are pairwise distinct modulo m. It was originally involved in determining an efficient algorithm for computing the square roots of a long sequence of integers for a problem in computer simulation (see [1] for more information). Other polynomials for which D f (n) has been studied include powers of x and Dickson polynomials of a degree relatively prime to 6 (see [5] ). Most of the values of D f (n) are quite complicated. However, there are some cases where D f (n) has relatively simple values. For example, D f (n) is the smallest integer m ≥ 2n such that m = p or m = 2p for some odd prime p if f (x) = x 2 (n > 4) [1] . In addition, in a recent paper by Z.-W. Sun [4] , it was found that for some quadratic polynomials f , D f (n) is a prime that has a simple description. For example, D f (n) is the least prime greater than 2n − 2 if f (x) = 2x(x − 1). Note that this can theoretically be used to generate all primes, but not feasibly.
Most of the discriminators of the polynomials considered in [4] 
We generalize the d = 2 case in Section 2 and prove that the discriminator is equal to 2 ⌈log 2 n⌉ if d = 2 r for any r ∈ Z + . We also make some general statements about the case where d = p r in Section 3, where p is a prime and r ∈ Z + . In this case, we provide a potential method for finding a function which only takes prime values. Finally, we suggest potential directions for future study in Section 4 and consider discriminators of arbitrary polynomials with integer coefficients after they are multiplied by a constant. This allows us to obtain estimates for the sizes of the prime values which the discriminators considered in [4] take.
A result on discriminators of quadratic polynomials
In this section, we shall prove that
, where r ∈ Z + . We first recall a result of Z.-W. Sun [4] .
We extend this theorem to the case d = 2 r for any r ∈ Z + .
Before we prove this theorem, we will give an upper bound for D f (n) in the more general case where d = p r for some prime p.
Proof. It is sufficient to show that f (1), . . . , f (n) are distinct modulo p ⌈log p n⌉ .
Suppose there exist k and l with 1
Then, log p n > ⌈log p n⌉, which is a contradiction. Therefore, l and k cannot both be in {1, . . . , n} as desired.
Here is a consequence of this lemma.
Now we turn to the proof of Theorem 2.
Proof. By Lemma 1 we have D f (n) ≤ 2 ⌈log 2 n⌉ (p = 2 case).
We will show that if m < 2
We can take k = 1 and l = 2 t +1 ≤ n and find that m = 2
Case 2 : m is odd.
To verify that it is possible to find k, l distinct such
whered is the least positive remainder of the inverse of d mod m (which exists because gcd(d, m) = 1). Note that m < 2 ⌈log 2 n⌉ < 2n. Sinced < m < 2n, there are k, l such that l + k =d ifd ≥ 3. Ifd = 1, we can find k, l such that k + l = m +d since m < 2 ⌈log 2 n⌉ < 2n ⇒ 2n − m ≥ 2 ⇒ m + 1 < 2n. The same can be done ford = 2 if 2n − m > 2 ⇒ m + 2 < 2n. We have 2n − m = 2 if and only if m + 1 = 2 ⌈log 2 n⌉ and 2 ⌈log 2 n⌉ + 1 = 2n. However, the second statement is impossible since 2 ⌈log 2 n⌉ + 1 is odd (for n > 1) and 2n is even.
We
is the least positive value of the inverse of d mod q. This reduces to
Solving for l and k, we obtain l = 
a ≤ 2 a +2 a +2q−2 = 2 a+1 +2q−2. Since m = 2 a q < 2 ⌈log 2 n⌉ , we have 2 a+1 + 2q − 2 ≤ 2n, which implies that 2l ≤ 2 a+1 + 2q − 2 ≤ 2n ⇒ l ≤ n.
This means that integer solutions exist for v and w and suitable values of k and l exist such that (l
a q with a ≥ 1 and q odd (q ≥ 3). Therefore,
3 Properties of the discriminator in the d = p r case and a potential method to generate primes
In the previous section, we used a result about the general d = p r case in order to prove Theorem 2. Lemma 1 stated that D f (n) ≤ p ⌈log p n⌉ and it followed from this lemma that D f (n) = n when n is a power of p. We can make some more specific observations about this case after finding the value of D f (n) for various values of d and n using a computer program. First, D f (n) behaves similarly to p ⌈log p n⌉ when d is a power of a small prime p. Moreover, there is still a significant clustering around powers of p even for relatively large p. In addition, the D f (n) where f (x) = x(dx − 1) for d = p, p 2 , p 3 , . . . (p prime) appear to behave very similarly to each other. Generally, the value of D f (n) seems to deviate more from p ⌈log p n⌉ when p is large or a large power of p is used.
We used a computer program to determine D f (n) for different values of d = p r and n by looping through a bound on D f (n) in terms of n and checking whether f (1), . . . , f (n) were distinct modulo m for each m in this interval. We will now give the interval used and describe how it was obtained. Given d, we want to show that n ≤ D f (n) < dn for f (x) = x(dx − 1). If m < n, there exist f (k) and f (l) with 1 ≤ k < l ≤ n such that f (k) ≡ f (l) (mod m) by the pigeonhole principle. So, D f (n) ≥ n. The upper bound follows from Lemma 1 since D f (n) ≤ p ⌈log p n⌉ < pn ≤ dn. Some of the values tested are recorded in the tables below. Table 2 : Discriminator values for f (x) = x(7 2 x − 1), n = 1, . . . , 300. Note that 37, 41, 131, 157, 197, 229, and 331 are prime. Table 3 : Discriminator values for f (x) = x(29x − 1), n = 1, . . . , 500. Note that all values except 1, 15, and 841 are primes. -61  131  197  457  2  3  62  151  198 -223  479  3 -4  7  63 -72  167  224 -225  503  5  15  73 -75  199  226 -252  523  6 -10  19  76 -112  233  253 -277  619  11 -29  29  113 -121  271  278 -304  653  30 -34  73  122  283  305 -358  769  35 -43  97  123 -168  349  359 -385  827  44 -47  109  169 -196  421  386 -500  841 Based on the values tested, we raise the following conjecture about the behavior of D f (n).
is either a prime number or p ⌈log p n⌉ for sufficiently large n.
Note that the conditions on the discriminator given in this conjecture are similar to conditions on m given in [4] in order to have f (1), . . . , f (n) distinct modulo m if f (x) = x(x − 1).
Theorem 3 (Sun) . Let f (x) = x(x − 1). If m and n are integers such that f (1), . . . , f (n) are distinct modulo m, then m is a prime or a power of two if n ≥ 15 and m ≤ 2.4n.
When D f (n) did not take values which were powers of p, almost all of the values taken were prime numbers. If a condition can be found for when these values occur, this may lead to additional methods to generate primes using functions whose discriminators which do not always take prime values. This may give relatively simple functions beyond the discriminators considered in [4] which take prime values.
General statements about
and future directions
While many different patterns were observed above, there is still no general explanation for them and why the discriminator takes prime values in certain cases. In other words, it remains to be shown whether this has anything to do with the polynomials chosen or the discriminator itself. So, it may also be useful to try to determine how D f (n) changes when an operation is performed on f . This could be used to relate discriminators of different functions to each other in order to find some general structure for discriminators of polynomials such as expressing
. This could enable us to deduce certain properties of the discriminators of some polynomials without directly computing them.
One such operation is multiplying f by a constant. In this instance, it is sufficient to look at the case where the constant is prime since we can compose multiplication by other constants by multiplication of primes. If D f (n) is not divisible by p, then D pf (n) is the same as D f (n). If D f (n) is divisible by a prime p, then D pf (n) can take quite a different form. For example, the discriminator of
is always a power of 2, whereas the discriminator of x(x− 1) can take arbitrarily large prime values in addition to powers of 2. Another example relates the discriminator of 4x(4x − 1) and the discriminator of x(4x − 1) to each other. Whereas the discriminator of 4x(4x − 1) only takes prime values (see [4] ), the discriminator of x(4x − 1) is always a power of 2 (see Theorem 2). Proof. Take k, l such that 1 ≤ k < l ≤ n. If f (l) − f (k) ≡ 0 (mod m), then p(f (l) − f (k)) ≡ pf (l) − pf (k) ≡ 0 (mod m). So, D f (n) ≤ D pf (n). Also, pf (l) − pf (k) ≡ p(f (l) − f (k)) ≡ 0 (mod pD f (n)) if and only if f (l) − f (k) ≡ 0 (mod D f (n)), which is impossible. This means that D pf (n) ≤ pD f (n).
In [4] , the discriminator for 4x(4x − 1) was found to be the least prime p > 8n− 4 3 with p ≡ 1 (mod 4). From Theorem 2, we have that the discriminator for x(4x − 1) is 2 ⌈log 2 n⌉ . Using the bound in Theorem 4, we find that
